
① Proofs

Def A proof is a finite list of statements, each of
which is logicaHyimpliedbytheprevoousstatemowtÉ-_
which is used to establish the truth of some proposition.↳ By one of a short list of rules of logic

Good : High level of certainty that the statement
is correct

Bad : can only prove tautologies

How do you conform your beliefs are correct?

Math Proof

Science Experiment



Def A proof is a finite list of statements, each of
which is logically implied by the previous statement,
which is used to establish the truth of some proposition.

↳ Not really ! Proofs are written for humans .

→ A formal proof
written using the
Lean proof assistant

Ha,BEZ , latblslaltlbl

My advice : Imagine your proof is being read by a skeptical
froend who questions every statement you make

For now : Err on the side of being too formal



② How to prove thongs
How you should prove a proposition depends on
the logical structure of the proposition
structure How to prove it.
P n Q Prove P and prove Q
p ⇒ Q Assume P is true and prove Q
P ⇒ Q prove P⇒ Q and Q ⇒ p

1- ✗ ES, PG) Provide some aes and prove Pca)
V-✗ C- 5

, PGD Let a be an arbitrary element of s
and prove Pca)

Can also replace the proposition to be proved with
a logically equivalent proposition that has a
different structure .

Example Replace P⇒Q with. -Q ⇒ - P



③ Direct proof
A direct proof follows the structure of the original
proposition.

Them For every natural number, there is a natural
number greater than it. Knew

, 3-meal (n - m)
Example{ proof Let n be a natural number. Observe that

ntl is a natural number which is greater
than n. To be totally rigorous, should

show that ntl > n . Not necessary
-

Remondor on this class .

V-✗ C- 5
, PGD Let a be an arbitrary element of s

and prove Pca)
1- ✗ ES, PG) Provide some aes and prove Pca)



-

Def Given in , me Z , we say n divides m
,
written

n l m , if there is some KEZ such that m=nk

Example 2126 because 26--2.13 . 3×26

Example Them For all aib, NEZ , if nla and nlb then w/ ca- b)
V-ac-ZU-bc-ZV-no-ZC.cn/ a n n / b) ⇒ nlca -b))

proof Let a ,b, and u be integers and assume hla
and nlb . Sobydefowttion,thevearek,lEZI-
such that a=nk and b- nb . Therefore d

a- b = nk - ne
when you

introduce
= n( K- e) . new objects, say what

they are/
where they

-
So by definition, n I ca-b) •

come from

Reminder p ⇒ Q Assume P is true and prove Q

One lesson : Definitions give you things (e.g. K and d)



④ Proof by contraposition
A proof by contraposition proves an implication p⇒ Q

by proving its contrapositive, - Q ⇒ -p
-

Fact nez is even off 1-KEE (n= 2k) and odd off
3- REZ ( n = 2kt 1) .

Them For every nez, if n
'
is even then so is n .

Ynez ( "na is even" ⇒ "
n is even

")
Example

Direct proof ? n' even ⇒ ZkCnz=zk>⇒ n=nEñ ⇒ ??

proof Let n be an integer. We will show that
if n is odd then nz is odd . Assume u is
odd. So there is some KEZ such that

n = 2k +1 . Thus

nz = Czk+1)
2
= 4h2+4kt I = 2(zk2+2K) + I

- So v2 is odd.



Proof by contraposition is especially useful if you are

trying to prove something of the form G-✗ PCD>⇒City QCYD
spa) ⇒ V-yQCy) = -Atyacy)) ⇒ - G-✗ PAD

= Fy C- Qcy)) ⇒ 3- ✗ C- Pcx))
-

Def A real number r is rational if there are p,qEZ
such that qto and r = Pz . Otherwise, r is irrational.

Thus For every real number a, if a is irratoonal

Example then so is 3A .

v-ac-IRC.ae/1QO--73a&1Q)
↳ Up,qEZ a =/ for

proof let a be a real number. We will show that
if 3A is maternal then so is a. Assume 3A is rational .
So there are p , qe Z such that qto and 3a= E- .
Dividing by 3 gives us

a = ¥q
go a is rational.

-



⑤ Proof by contradiction

A proof by contradiction proves a proposition P by
assuming - P and proving both B and TR for
some proposition R

Comment why does this work ?

- P ⇒ Crn - R) = rip ⇒ F
E P

P - P F up ⇒ F

F- / ¥ / ¥ / ¥

Useful for proving nonexistence statements

= statements of the form the PG) G- → -17×1)



-

Def A natural number is prone of it
is greater than

1- and has no divisors other than 1 and itself

Example 2,3, S, 7, 11 , - . prime 15=3.5 not prone

Fact Every natural number greater than 1 has a

prime divisor ← tomorrow we will see how to prove thisExample
Thus (Euclid ?) There are infinitely many prime numbers

proof suppose for contradiction that there are only
finitely many primes, p , , pz, -→ pn. Define

q= pi
•

pz
.
. - -

•

pn .

Note that qtl > 1 so by the fact, girl has a

prime divisor, p . This p must be equal to pi for
some ien, so we have

pl q and plcqtl) ⇒ plcqti - g)
⇒ pl 1

But the only number that divides 1 is 1 itself
,
so p is

- not prime.



-

Fact If ae IQ then there are p ,qez such that

qto, a = P-q and p
and q share no common factors.

Thus 52 is irrational .

Example proof suppose for contradiction JE is rational. so by
the fact, there are piqez such that qto,
p
and q share no common factors and
I = P-q .

Hence
,

2- (E)2 = (Pz)
'
= Egg

⇒ 2 q2=p?
Therefore ph is even, so by a thin from before, p is even.
So by def, there is KEZ such that p -2k.
Hence

2qh= ph = Czk)2 = 4k' = ZCZK')
Dividing both sides by 2 gives q2= 2k} By the same

reasoning as before, q is even. This contradicts the fact
-

that p and q share no common factors.



⑥ Proof by cases

A proof by cases proves a proposition P by splitting
into several cases,

at least one of which must be true.

i.e. have propositions R , , Rz , . - > , Rn
know R , V Rzv :-. . U Rn Ts true

Enough to show CR,⇒F) ncRz⇒Dn .- - r(Rn⇒P)
-

Thin There are irrational numbers a and b such
that ab is rational .
Fa, b ER ( actor bet① n ab c-Q)
How to find a and b ?

Example
proof Either fit is rational or it is not. ⑤

Case 1 : Assume 52
"

is rational. Then we are
done because 52 is irrational .

Case 2 : Assume for is irrational, Then
irrational#jK = gzcrz.rs = gzz = z.IM#hd

- irrational →



Sometimes proof by cases is really cool, other times . . .
-

Fact for every natural number n, there is a natural
number K such that one of the following holds :

n - 3k or n - 3kt ] or n=3Kt- 2

next week, we'll see
Them For all MEN

, 31 ( ri - n) f another way to do this

proof Let n be a natural number and let K be

as in the fact above .
Case 1 ! n= 3k

n3 - n = Czk]3 -3k = 27k}-3k = 3 (9k?-K)
case 2 : n= 3kt I

vis - n = (3kt1)3- C3K+D= 27k} -127K>+9kt/ -3K-1
= 319k>+9K?+ 2K)

Case 3 : n= 3kt2

n3 - n = (3kt2)3- (3kt2) = 27h3 +54k¥ 36kt 8 -3K-2
-

= 27K
]
+ 54k? +33K -16 =3(9k't 18k-+11kt2)



⑦ Summary
Direct proof Goal : p ⇒ Q

Method : Assume P
conclude Q

Proof by contraposition Goal : P ⇒ Q

Method: prove -Q ⇒ np

Proof by contradiction Goal : p

Method : Assume - P
Prove R

Prove -R

Proof by cases Goal :P

Method: Show R, v. → u Rn is true
show R,⇒ p

i
show Rn⇒p



⑧ other comments

Today I wrote full proofs
Usually : proof sketches ←

Proofs you write on homework
should be more complete
than proofs in lecture/discussion

Problem solving : think creatively , take heaps of faith,
experiment, etc.

Proof writing : every step must be justified and follow

logically from previous steps

A common pattern

① Think about problem
② Come up with solution
③ Try to write proof
④ Realize solution is wrong



⑨ Some tips
when you are trying to prove something , ask
yourself :

what do I have/ know?
Definitions give you things !
Look for the existential quantifiers !

What am I trying to build/pirouette?
What conclusion are you working towards

?

Look for the existential quantifiers !
What proofs have I seen before which do something
similar to what I am trying to do here?
Are those ideas helpful here ?



Challenge question
can you find a propositional formula using only
P, Q , and ^ which is logically equivalent to
p ⇒ Q? If not, can you prove it?

What about logically equivalent to PrQ using
only P, Q ,

and ⇒?


