
⑧ How to read like a mathematician

Maxim 11=1 When you read mathematical writing and
you come across a proof, cover it up and try
to figure it out yourself
You may not succeed, but you

will understand what
obstacles the proof has to overcome

Maxim # 2 At the heart of most proofs, definitions,
etc . there is a simple idea.
Your mission : find it !



① Induction
The sledgehammer of math j¥:¥

→ recall : for each new, Paid is
a proposition

Pcn) : propositional function with domain Al

I tell you
: Pco) is true

pcn] ⇒ PCNA) for all new
Question Is Pciooo) true? Yes !

PCDi.jo ÷; iii. ÷, - - - "É•Éo°
pcos⇒PCD
PCD⇒ PLZ)

i.
17999)⇒ Pccooo)

Principle of induction To prove knew pcn) , it is

enough to prove :
Base case : Pco)
Inductive step : new ( Pcn)⇒ Pcntl))



Principle of induction To prove knew pcn) , it is

enough to prove : →
inductive hypothesis

Base case : Pco)
Inductive step : new C ⇒ Pcntl))

Question Would this work if we replaced IN with Z ? No !

Counterexample : Pcn)= "n > -2
"
with domain Z

PCO) =
"03 - z

" ✓

Pcn)⇒ party "
n> -z ⇒ n+17 -2

"
✓

j j i e e

-
- . -+ →

Iz h 'o l L } - - -



② Examples of using induction

Question What is 0+1+2 ]- . - - + n ?

0 °C⇒- = 0
• 0+1=1

'¥- = I
•

•

• 0+1+2=3 2C2¥- =3
•

. !. . 01-1+2+3=6 36+212=6
a

→ . :triangular •

numbers

claim 0+1+2+1 ..tn = ncn¥

How to prove it? Induction ! #É



= Ei
→ i=o

Thm For allnerNot@t.tn_ncnztDO-0CotDproofB.asee Case : n- 0. z

Inductive hypothesis : Assume otltm.tn -_n÷+☐
→ inductive hypothesis

Inductive step : Use to show that
0 + It . - -

tht (inti) = Cntl>ccntiti]
2

@ + It . . - + h)+Cn+i)= ncntt) (By IH)z
+ (inti)

=
ncntl) & zcntl)
2 2

=
ncntl> tzcntl)

2

=
Cnt2) (inti)

2

z .

É%= (inti) ((anti)
+1)



④ Another example
Triomono tote : ←

rotators

T a grid with troominos : %%
allowed

↳ cover all squares, no overlaps
Question can you

tile ao with troominos?
↳ 8×8 grid

No ! Chessboard has 8.8=64 squares, not divisible by 3

What if we remove one square?

Easier version: tile a 4x4 grid with 2 square removed
?

-1hm For every new, any 2
"
✗ 2
"

grid with one square removed can

be tilled with triominos.



Thin For every new, any 2
"
-2
"

good with one
square removed can be to bed with tmomonos

proof Base case: n=0. 2° = I
1- 1 grid
2 square removed nothing left

easy to tile
?

Inductive hypothesis : Assume all 2^+2" grids with
one square

removed can be tiled.

Inductive step : Have a zn
"
- 2
""

grid with one square
removed. Want to show it can be tiled.

① Divide into 4 272" goodsIgzn ② Place triomino on center
zntl § ☒aoMMu± ③ Now each 272" piece is missing

man for one piece④ Tile each one using IH %
-2€



Question Tite this grid with triominos
The induction argument tells you how !

I

-

II:

Answer
.

First divide into 4 Now recursively the each
2×2 grids & put a troomino 2-2 grid
in the center

☐☐ ¥¥¥E¥☒¥¥¥¥÷:÷¥☒
,

Lesson : proofs by induction often tell you recursive algorithms



③ When is induction useful ?

When you want to prove a statement about
all natural numbers
Or all natural numbers in some range

Example new ( 0+1+2+ . - + n = nc D)

Especially if

① You are proving something about a recursively
defined sequence
Example Fibonacci numbers

1=0--0
,
F
,
= 1
, Fn+z= Final + Fn

0
,
I, I, 2 , 3, 5,8, - - - .

② You are proving something about a recursive

algorithm or an algorithm that loops
↳ as 170 !



④ Variations on induction

① Different base case
Prove p(7) and Pcn)⇒ Parti) ;? § . .

-

g
? :} :} É - - - -

conclude Hn77PT=yn£(nz> ⇒ PGD
② Multiple base cases

Prove Pco], PCD, PCD and Hn> 2 (Pcn)⇒ PartD)
Conclude then PGD ⇒ ⇒ ⇒

; ; ; ; ;
- - - -

③ Change the inductive assumption
f

is stronger than PWant to prove V-n€N Pcw)
Find some QGD such that Qcn>⇒ Pch)
Prove QCO) and Qcn]⇒ 0-4+1)← looks harder

,
but useful

if pcu)⇒ Parti) hard to prove
④ strong induction because P is too weak

Prove Pco] and (Pco>nPCDn.mn Pbr)) ⇒ Parti)
conclude YntÑ PG) ← secretly just a special

case of ③



④ Changing the inductive hypothesis
Them For every new, the sum of the first n odd

numbers is aperfectsquare@i.e . = K2 for some teeth
proof attempt
Base case : he 1

First odd number : 1
1 = 12 ✓

→
where u> 1

Inductive hypothesis : sum of first④ odd numbers is perfect square
→ want to show

Inductive step :⑤ sum of first ntl odd numbers is perfect square
Cntl)
" odd number : Zntl

sum of first ntl odd #s = (sum of first n odd#5)+ Czntl)
= K2 + (2nA) for some REAL
= ? ? ñ

It would help to know what the sum of the first
n odd numbers is equal to



Then For every new, the sum of the first n odd
numbers is a perfect square
It would help to know what the sum of the first
n odd numbers is equal to

1 = 1--12 1+31-5+7 = 16--42 It looks like
1+3=4--22 : sum of first in odd

It 3+5 = 9--32 • Its = n2

proof we will show the sum of the first n odd#s is v2

Base case : n- l

z = yz
← actually , base case of neo also

works

Inductive hypothesis : sum of first n odd #s is n2
Inductive step: WTS sum of first Cntl) odd #s is cutDZ

sum of first Cutt) odd #s = (sum of first n) + (anti)
= n2 + Czntl) (By IH)
= (n +1)2

Lesson : when you get stuck, work out small examples



strong induction Technically,

Regular induction prove pco] →
ltwervcpcn⇒ PentD)

Prove Pcn)⇒ Pcntl)
conclude finer

,
Pcn)

⇒ ⇒

: : :
. . . .

÷⇒÷
999 tooo

- - -

strong induction prove pcog →
= Pointon . -

APG)

Prove G-Ken, PCK)) ⇒ Pcntl)
conclude V-n.tn, PGD

*⇒⇒
÷..-; ; ;



Then Every natural number n> 1 is a product of
prime numbers

Example 12 = 2.2.3 17=17 57=3.19 60--15.4
= 5.3-2.2

proof attempt Base case : n- 2

2 is prime ✓
Inductive hypothesis : Assume n> 1 and n is a product

of prime numbers ← need to replace this

Inductive step : WTS ntl is a product of primes

Two cases

case 1 : ntl is prime ✓

Case 2: ntl is not prime
Fails, (n+D = a.b and a,b -1-1

,
a,b =/ ntl

How can we use IH??

Done if we had IH for a and b !



Then Every natural number n> 1 is a product of
prime numbers

Example 12 = 2.2.3 17=17 57=3.19 60--15.4
= 5.3-2.2

proof attempt Base case : n=z ←
Base case of n=0 actually works

2 is prone ✓
a- 1

Inductive hypothesis : Assume n> 1 and for all Ksn, if
K > 1 then K is a product of prime numbers

Inductive step : WTS nil is a product of primes

Two cases

case 1 : ntl is prime ✓

Case 2: ntl is not prime
Fails, (n+D = a.b and a,b -1-1

,
a,b =/ ntl

I < aib En ⇒ a and b both product of primes
→⇒ ntl is a product of primes

IH



④ Aside : Induction
, Strong induction, well- ordering

Not very important to understand

Induction Pco) & Pcu)⇒P(ntD → Queen
,
Pcn)

strong induction Pco) & Clfken , PCKD⇒ P(n+D→ then
,
Pcu)

Well -ordering All nonempty subsets of 1N have a beast
element

They are all equivalent

strong induction on PCD = Regular induction on
Qcn) = Ken, PCK)

Induction on Pcu) from well ordering : look at set
of places where Pcn) doesn't hold



" Different base case & multiple base cases

Fibonacci sequence Fo = O F
,
= I Fn+z= Fn + Fun

1=0--0 1--3=1+1--2 Fg = 3+5=8
F , =L 1=4--1+2--3 •

•

1--2--0+1=1 Fs = 21-3=5 •

How fast does the Fibonacci sequence grow
?

Linear? Quadratic? Exponential? - . .

npnf 0 I 2 3 4 5 6 7 8 9 . . -

O l l 2 3 5 8 13 21 314 • - -

It looks like eventually Fu is always bigger than n

Them For all n> 6, Fn > n .

How to prove it? Induction ! É%



Thin For all natural numbers n> 6
,
Fu > n

proof Base case n= 6 Fg - 8 > 6
n- 7 F>

= 13 > 7

Inductive hypothesis: Assume" and for all Ken,
if K > 8 then Fk > K

Inductive step : WTS Fun > not

Fnti = Fn- , + Fu
> (n - 1) + n By IH . Note n> 7⇒ n, n-176

= ntl 1- (n-2)
> ntl na > ⇒ n-z > 0 ¥☒%

Exercise : Fn < 2" for all n
Harder : Fond an exact formula for Fn



⑤ Be Careful

Lecture 2 notes : There are at least 2 people
in San Francisco who have the same # of hairs
on their head

Thin All people have the same number of hairs
on their head C ! ?)

proof let Pcn)= "in any set of a people, everyone
has the same number of hairs on their head

"

show PCM by induction
Base case: n - I 1 person ✓

Inductive hypothesis : Assume Pcn]
Inductive step : ntl people a, , az , . . . , an, anti

IH ⇒ a,⑤, .. . ,
an have same # of hairs

④ as, - --, anti
have same # of hairs

so all have same # of hairs as az
what's wrong with this ?



Them All people have the same number of hairs
on their head C ! ?)

proof let Pcn)= "in any set of a people, everyone
has the same number of hairs on their head

"

show PCM by induction
Base case: n - I 1 person ✓

Inductive hypothesis : Assume Pcn)
Inductive step : ntl people a, , az , . . . , an, anti

IH ⇒ a, ,④, .. . ,
an have same # of hairs

④ as, -→ anti
have same # of hairs

so all have same # of hairs as az
what's wrong with this ?

Answer : Inductive step doesn't work when n=1 .


