
⑥ Some advice on solving problems
Maxim 11=-1 Don't give up after 30 seconds !
Common pattern :

Instead :

Maxim # 2 Do the messy calculations/hard work !
Common pattern :

Instead :



① Introduction

Question Are there more real numbers than natural
numbers ?

Goal for today

key step : finding a reasonable mathematical definition( *
Not so important for CS. But an excuse to
introduce useful mathematical terminology. Plus it's

super cool !



② Sets

Def A set is an unordered collection of objects
Two sets are equal of they contain the same objects

Example { 1,2 , 39 { 3, 1,29
{ 2, 3,59 set of all prime numbers 66

{ 112 , 39 { 1,2, 3,49

Def ✗c- A means ✗ is an element of A
✗ 4- A means ✗ is not an element of A

Earainphe 2 { 42,39
,
O { 1,2 , 39,52 R , 52 ④

Def A set A is a subset of B
,
written AEB

,
if for

every ✗ c-A we have ✗ c- B V-x(✗ c-A ⇒ ✗ c- B)

Example { 1,239 {42,3/4}
,
Al R, { 1,29 11,29

,
I-19 At



Question Suppose A e- B and B e-A. Must A=B ?

How to prove two sets are equal :

① Let ✗ be an arbitrary element of A .

② Let • be an arbitrary element of B.



④ Some common sets

natural numbers {o, 1,2 , . . - §

I. integers { . - -

,
-2, -1,011,2 , - - -9

IQ rational numbers E. c- Q, * ¢-0k

A real numbers VEER
,
HEIR

0 empty set

Question ① 3£13 ? ④ ⑦ C- Al ?

② 30-0 ? ⑤ we ?

③ HER? ⑥ Steph Curry c- 0 ?



r

④ How to describe a set

① List the elements

② List enough elements to make it clear what set it is
{ 0, 2 , 4, 6, - - §
{ 112, 3, - - n , 109
Bad : {1, . . . §

③ Describe it in words

⑧ Set builder notation
(a.k.a. set comprehension)

{ new I 1-meal (n = 2. m)}
I ✗ C- I ✗

2 = - ✗§
{ ✗ C- IN 1 ✗

2
= -*§

⑤ Some specialized notation. asb real numbers
[a, b) =



⑤ Operations on sets

① Union AUB = {× I ✗ C-A or ✗ c- B§
{ 1129011179 =

A②B{ 1/2/39 U =

② Intersection ANB = { ✗ I ✗EA and ✗ c- BJ
{ 1,29 Nfl , 79 -

⑧
B

{ 1,24 ME2,3J =

③ Difference A) B. = { ✗ I ✗ EA and ✗ ¢ B}

⑧
B

{ 1,291 { 1,79 =

④ Complement Assume A C- U . A' =UIA

☒c. =

0
"

La



⑤ Cartesian product A.✗ B = { Ca , b) 1 ac-A and beBJ

{ 1,2J ✗ { 2,3J =

Also A , ✗Azx . . .
✗ An = { Cai , az , - - y an] I a,EA , r . - . n anEAn§

Example
⑥ Powerset PCA) = set of all subsets of A

Pali 29) =

Question c- PCA) for any A?

c- PCR) ?

A E B ⇒ PCA) C- PCB)?



Cardinality of finite sets

Def If A is a finite set, write IAI to denote
the number of elements on A

11-1,751 =

If Khalil , Shahzar, Patricks / =

Question If 1^-1=1131--2
,
what is 1-1--131 ?

A __ far , as B. =fb, , bis
A- ✗B-

Exercise If 1A1=n and / B) = K then 1A×Bl=

If 1Al=n lthen IPCA]/ =



③ Functions

Def If A and B are sets, a function f from
A to B is an assignment of exactly one element
of B to each element of A

• a

Example f :{ 112,39 → fails , c} {?⃝ ?⃝,• b

3 •

Def The range of a function 4 : A→ B
,
written

range(f), is the set

Example with f and g as above,

range (f)
=

range (g) =



?⃝ Anatomy of a function

f : A - B

" •

:# :2 •

3
•

4 •

f-(1) =



④ How to describe functions

① Explicitly lost where each element of the domain is sent
f :{ Khalil, Shahzar, Patrick}→ { 112,3}
f- (Khalil) = I fcshahzar)= I f(Patrick)=|

② Write down a formula that says where each element
of the domain is sent

Bad h : IN→ IN hcx) = x- 1

Bad K : R →A kCJ= ¥
③ Describe in words where each ett of the domain is sent

j :{ 0, 1,2, - - . , 108 → IN
jcn) = the smallest natural number with at

least n letters when written in English
g- (4) = jcs ) =

⑧ Definition by cases

e : → w

l (n) = f V2 if n Es even dczj =

L n-112 if n is odd ✗(9) =



3.30 Operations on functions

Def If f : A→ B and
g
: B.→ C are functions,

the composition of g and f , denoted got
is the function from A to C defined by

A- →f B.↳ c

A B

Example f : Al→ xxx fan)= Cn , nm)

g :X
-Al→ A gammy -_ Fm

Cgof) : ⑨f)G) =



Have a function f : A→ B

Def If C C- A
,
the image of C under f , written

f- (c) , is the set { be B I 1- ✗ c- C (Fe)- b)9
••I

c-⑨ Be

:X.

A B

Def If DEB
,
the inverse image of D under

f , written f-'(D), is the set IAEA 1 Fca)€D§

•=:D- Dop

Be

:X.

A B



④ Special Properties of Functions
Def A function f.' A-→ B is injective if

•-•
•→•

•
•

:X:• • •

•⇒•

A B A B

Def A function f : A→ B is surjective if

:s ÷*_
A B A B



Tip : To prove
f injective, use contrapositive

Examples ① f : → in
f-(a) = 2h

② g:
2.→

gen> = Int

③ h : z→z
h(a) = ntl

⑧ K :{ 1,29 → fails ,c§
k( 1) = a
KCD - a



Def A function f : A-→ B is bijective if

•→ •

• •

:#:
A B

Def If f : A→ B is a bijection, the inverse of
f
,
denoted f-

'

,
is the function from B

to A defined by
f-' (b) =

For all a c- A,
For all be B

,



⑤ Cardinality
Are there the same member of D and ☐ ?

Isa ☐ ☐8
Are there the same number of 0 and * ?

0 O O O O O O O O O O O O

* * * * * * * * * * * * *

Did you have to count ?

Idea for today:



An aside

Ask a very young
child :

Are there the same member of D and ☐ ?

S S S D D

☐ ☐ ☐ ☐ ☐

Are there the same member of 0 and * ?

0 O O O O

* * * * *



④ Definition of Cardinality
Def Two sets A and B have the same

cardinality , written 1^-1=1131
,
if

Example 1311,21381--1 Taib > 051

:O :
Exercise ① Show 1 A-1--1831 ⇒ IBI - IAI

② show CIA/=/Bln IBI=/4) ⇒ 1^-1=14



Thus Let A be the set of even natural numbers.
Then 1All = LAI.

proof

7hm IN / = 121

proof



-1hm 1 All = 10+1

proof 1 2 3 4 5 - - - -

l

3 ①:|
②

③

Exercise ①

②



⑤ More about cardinality
Def If A and B are sets , we say the cardinality
of A is less than or equal to the cardinality
of B, written IAI E- 1131 , if

Example 11112,381 £ / { a ,b , c, die 91

?⃝%i :O e

3
• I. ed

Note : IAI = IBI ⇒ IAISIBI

-11hm (Cantor- Schroeder - Bernstein) If 1Als 1131 and
IBIS IAI then

Meaning
:



⑥ Countability
Def A set A is countable if

some countable sets

A set is countable iff it is either

A is countable =



⑦ Uncountabiility
Def A set is uncountable 9f

Are there any
uncountable sets ?

Thom Cantor) (will prove on nest slide)

Cor

Note : Bijection f : → A =



Thom Cantor) IN 1--1 IRI

proof

- - -


