
⑥ Some advice on solving problems
Maxim 11=-1 Don't give up after 30 seconds !
Common pattern : look at a problem, can't think of

anything right away , gave up .
Instead : Think about the problem for 5-10 minutes.

often you will at least come up with some

things to try .

Maxim # 2 Do the messy calculations/hard work !
Common pattern : you have an idea for how to solve

a problem but it looks hard to do & maybe
won't work anyway, so you look for an
easier approach

Instead : Just try it ! 30% of the time it will work



① Introduction

Question Are there more real numbers than natural
numbers ?

? ? There are infinitely many of both !
What does "

more
"
mean?

Goal for today Turn this into a mathematical question
and answer it.

Key step : finding a reasonable mathematical definition
of when two infinite sets have "the same(
www.m.ga.mn,

Not so important for CS. But an excuse to
introduce useful mathematical terminology. Plus it's

super cool !



② Sets

Def A set is an unordered collection of objects
Two sets are equal of they contain the same objects

Example { 1,2 , 39 = { 3, 1,29
←bag

{ 2, 3,59 = set of all prime numbers 66

{ 112 , 39 ¥ { 1,2, 3,49

Def ✗c- A means ✗ is an element of A
✗ 4- A means ✗ is not an element of A

Earampte 2€ { 42,39, 0¢ { 1,2 , 39, 52€ R , 52¢ ④

Def A set A is a subset of B
,
written AEB

,
if for

every ✗ c-A we have ✗ c- B V-x(✗ c-A ⇒ ✗ c- B)

⑧-A→
Example { 1,239 E {42,3/4} , HER, { 1,29<-11,29, I-19¢ At



Question Suppose A e- B and B e-A. Must A=B ? Yes .

How to prove two sets are equal : ✗ (✗ c-A ⇒ ✗c-B)

① Let ✗ be an arbitrary element of A .

Show ✗c- B.

② Let • be an arbitrary element of B.
Show ✗ c- A .



④ Some common sets

natural numbers {o, 1,2 , . . - §

27 integers { . - -

,
-2, -1,011,2 , - - -J

Q rational numbers E. c- Q, 1T¢

A real numbers VEER
,
HEIR

0 empty set nothing is an element of 0

Question ① 3ER ? Yes ④ ⑦ C- Al ? Yes (vacuously)

② 30-0 ? No ! ⑤ ✗ o_0 ? No !

③ HER? No ⑥ Steph Curry c- 0 ? No !
thot a
real number !



r

④ How to describe a set
← any

brackets denote
set

(instead
of list)

① List the elements { 18,26, -39
,
{ Khalil, Shahzar, Patrick}

② List enough elements to make it clear what set it is
{ 0,2 , 4,6, - - § even natural members
{ 1,2, 3, - - r , 109 natural numbers between 1 and 10

Bad : {1, . . . § all numbers 31 ? all odd numbers?

③ Describe it in words "the set of all odd natural numbers"

⑧ Set builder notation { ✗ c- A 1 PCH }
ca.k.ae. set comprehension) I can just write {✗ 1 PEI

{ new I 1-meal (n = 2.m)§ = {0,2>4,6 , . . . §
{ ✗ C- I ✗

2 = - ✗§ = fo , -19
{ ✗ C- IN 1 ✗

2
= -*§ = { ① §

⑤ Some specialized notation. asb real numbers
[a, b) = § ✗c- IRI as ✗< b§



⑤ Operations on sets

① Union AUB = {× I ✗ C-A or ✗ c- BJ
{ 1,29 V11 , 79 = 111217} A

②
B

{ 1/2/39 U = I 1/2/39

② Intersection ANB = { ✗ I ✗EA and ✗ c- BJ
{ 1,29 Nfl , 79 - { 19

⑧
B

f. 1,29 A ft , 39 = 0
←disjoint

③ Difference A) B. = { ✗ I ✗ EA and ✗ ¢ B}

⑧
B

{ 1,281 { 1,79 = { 28

④ Complement Assume A C- U . A' =UIA
↳

sometimes

0
" A-

irrational numbers
= ④

C

La
¥ is implicit



→
ordered poor

⑤ Cartesian product A.✗ B = { (a. b) I AEA and beBJ

{ 1,29×12,39 = { ( 1 , 2) , CI , 3) , ( 2,2) , (2)3) §

Also A , ✗Azx . . .
✗ An = { Cai , az , - - y an] I aiEA , n . - .

n anEAn§

Example R
"
= Rx Rx . . . xp ← EEIGA/Math 54

⑥ Powerset PCA) = set of all subsets of A

P(It , 29) = { 0, { 19 , { 28 , { 1,288

Question c- PCA) for any A? Yes . EA

c- PCR) ? Yes. NE R

AE B ⇒ PCA) C- PCB)? Yes ✗ c- A⇒ ✗ c- B



☒ cardinality of finite sets

Def If A is a set
,
write IAI to denote

the number of elements on A

11-1,751--2

If Khalil , Shahzar, Patricks / =3

Question If 1^-1=1131--2
,
what is 1-1+131 ? 4

A = fat , as B. =fb, ,bz§ ←all distinct

A- ✗B - E carb ,) , Cai , bz) , Caz ,b,) , Caz ,bz)§

Exercise If 1A1=n and / B) = K then lA×B1=nk

If 1Al=n lthen I PCA]/ = 2h



③ Functions
→
domain

→
codomain

Def If ① and ⑥ are sets, a function f from
is an assignment of exactly one element

f :A→B
←
of B to each element of A

Example f :{ 1,2 , 39 → {a ,b , c}
5- (1) = a f-(2)=b f(3)= a §?⃝→→?• c

A B

g
: ✗ → R

gG)
= ✗
2

Def The range of a function 4 : A→ B
,
written

range(f), is the set { beB I FAEA (fla) -_ b)§

Example with f and g as above,

range (f)
= { a ,b§

range (g) = set of all real numbers 20 .



?⃝ Anatomy of a function

→
domain

f : A → pg
→
codomain
(part of the
diet. of f)

a"

¥:(
merge

2 •

3
•

4 •

domain codomain

f-(1) = a
E image of 1 under f



④ How to describe functions

① Explicitly lost where each element of the domain is sent
f :{ Khalil, Shahzar, Patrick}→ { 112,38
f- (Khalil) = I fcshahzar)= I f(Patrick)=|

② Write down a formula that says where each element
of the domain is sent

g
: → IN gcx>= ✗+1
Bad h :X→Al has = x- I h(03¢ N rN→Z ?

Bad K : R →R Ka) = ¥ kco) = ? ? Riko's→R ?

③ Describe in words where each ett of the domain is sent

j :{ 0, 1,2, - - . , 108 → IN
jcn) = the smallest natural number with at

least n letters when written in English
g- (4) = 0 j (5) =3

⑧ Definition by cases

e : → w

l (a) = f V2 if n Es even dcz]=/

L n-1/2 if n is odd to)=t



3.30 Operations on functions

Def If f : A→⑨ and
g:# C are functions,

the composition of g and f , denoted got
is the function from A to C defined by
(gof) (a)

= gcfca))
"first do f then dog"

A- →f Btc
-
got

A

Example f : Al→ xxx fan)= Cn , nm)

g
: Al-Al→ A gammy -_Fr

Cgof) :X → IR (gof)G)
= gccn.nu))=ÉD



Have a function f : A→ B

Def If C C- A
,
the image of C under f , written

f- (c) , is the set { be B I 1- ✗ c- C (Fe)- b)9
••Is;①- fcc) f-CD E B

c-⑨•
•
# •

A B

Def If DEB
,
the inverse image of D under

f , written f-'(D), is the set IAEA 1 Fca)€D§

"
things that get sent•=:D- D•
into D

"

f-
'(D)→T: f-

'

(D) EA
A B



④ Special Properties of Functions
=
one-to-one

Def A function f.' A-→ B is injective if for all
a, , az EA , a, -4 az ⇒ f-Can ⇒ fcaz)

•-•

• injective •→•

not injective•

:X: ② •

⇒
A B A B

= onto

Def A function f : A-→ B is surjective if for all BEB
there is some AEA such that f-(a) =b = range(f)=D

•-

:• surjective •:.#÷ not

I.☒• surjective
A B A B



Tip : To prove
f injective, use contrapositive

V-ayazc-ACai-taz-fcad-1-fcazDIV-ayaz.CA( fca ,)=fCaz)⇒ai=az)

Examples ① f :X → IN injective zn=zm⇒n=m

f-(n) = 2h not surjective 1- c- range(f)

② g:Z→

gcn> = In /
not injective 1-21--121
surjective if new then

gcn)=n

③ h :z→Z injective n+l=m+l⇒n=m
h(a) = ntl surjective Hn

,
Lcn- 1)=n

⑧ K :{ 1,29 → {a ,bic§ not injective Ka )=kG)
Ka) - a not surjective
KCD - a bctrangect



Def A function f : A-→ B is bijective if it is
both injective and surjective f is called a bijection

•→ •

• •

•¥:
bijective

•

A B

Def If f : A→ B is a bijection, the inverse of
f
,
denoted f-

'

,
is the function from B

to A defined by
f-' (b) = the unique a such that flat :b

f For all a C- A, f-
'(fla)]=a

A.→ B
For all be B

, f- (f- 'Cb))=bF-I



⑤ Cardinality
Are there the same member of D and ☐ ?

☐ ☐ ☐§ Yes ! 4 of each

Are there the same number of 0 and * ?

0 O O O O O O O O O O O O

* * * * * * * * * * * * *

Yes !

Did you have to count ? No
!

Can match up 0 and * so that all are paired up
I.e. there is a bijection between the two sets !

Idea for today: Extend this definition to infinite sets!



An aside

Ask a very young
child :

Are there the same member of D and ☐ ?

S S D D D

☐ ☐ ☐ ☐ ☐
they will say

"

yes
"

Are there the same member of 0 and * ?

0 O O O O

* * * * *
they will say

"
no
"

counting is not that obvious ! But bijection are?



④ Definition of Cardinality
Def Two sets A and B have the same

cardinality , written 1^-1--1131
,
if there

is a bijection f :A→B

Example 1111,21381--1 fails > 051 f :{ 1,2,3§= {aibacs
f- (D= a f- (2)=3 f-(3)=c

;?⃝⇒:O :
Exercise ① Show I A-1--1831 ⇒ IBI - IAI

Hint : inverse of a bijection

② show CIA/=/Bln IBI=/4) ⇒ 1^-1=14
Hint : composition of functions



Thus Let A be the set of even natural numbers.
Then tail =/Al.

proof I £ of of of
• • •

this
% % ; ; ;

• • •

& : → A defined by for)=2n
is a bijection

7hm IN / = 121

proof 0→ O f :X→ Z defined by
1 → I
2- -1 fan) = f

- Iz if n even

31-9 2 2m¥ if n odd
41--2

H



← positive national numbers

-1hm IN 1 = 10+1

proof I 2 3 4 5 - - - -

l

|%→Yz
'↳→
'
It Ys - - -

z 41%10543%14^45 - - -

3 3%-312%15 - - - ① Make infinite grid
4 t1iEs1@E.n - with Alt on each

I.
'

-

.

axis

② Follow zig- zag
om

'Ii =L path
I↳ Yz ③ cross out duplicates
2↳ 2/1=2

3↳ 311=3 Exercise ① / All = 1 IN ✗ All
f↳ 113

s → Yt ② IN / = 101

:



⑤ More about cardinality
Def If A and B are sets , we say the cardinality
of A is less than or equal to the cardinality
of B, written IAI E- 1131 , if there is an

injective function f : A→ B

Example 11112,381 ⇐ / { a ,b , c, die 91
' :¥?⃝:e}

Note : IAI = IBI ⇒ IAISIBI A bijection is an injection
-11hm (Cantor- Schroeder - Bernstein) If 1Als IBI and

IBIS IAI then IAI = IBI . →Not that easy
!

Meaning
: to show IAH 1131

, enough to fond injections
going both ways



⑥ Countability
Def A set A is countable if late 1All .

Some countable sets

Any finite set
set of even natural numbers
Al
,
Z
,
⑤+

, ✗ ✗ Al
, ①

Set of all finite binary sequences {0,1, 00,01 , 10,14009 . . -9
Set of all valid Java programs

A set is countable iff it is either foote or
has the same cardinality as Al

A is countable =

you can list the elements of A

i.e. A = { a, , az , a], - - . §



⑦ Uncountabiility
Def A set is uncountable if it is not countable .

Are there any
uncountable sets ? Yes !

Them Cantor) IN 1--1 IRI Cwill prove on nest slide)

Cor R is not countable

IN / E IRI f :X → IR for)=n

so if IRIS /All then by CSB
,
IN / =/Al

,

contradicting Cantor 's theorem

Note : Bijection f : → A =

way to
list all

real numbers

ro = f-(o), r, a f- (1) , rz=f(2) , - - -
✗ = fro ,

r, , rz,
- - - §



Thom Cantor) IN 1--1 IRI

proof suppose we can lost all real numbers :

✗= { ro , ri , ra , r} , - - • §
We will show there is a real number not on this list!

Write r; 's in decimal notation
E.
g. no = - 17 •⑧ 2 8 76 5 I . . - r= 0. 1011 • • •

r,
= 8 . I ① 1 11 37 . . . Comment : need to

hz = 0.00000000 . - - be a little careful

V3 = 6
. 7 I 5⑨ 3 2 8 s n - o. 9999 . . - = 1.0000- - -

i
Define r so that its nth digit after the
decimal point is not equal to the nth digit of rn

Po if nth digit of rn
is 1r = o . dod , dz . . - where *

Lz otherwise

r disagrees with every rn
,
so it is not on our list !

⑤


