
⑧ Announcements

Midterm scores are out !

Regrade requests :
Estimated grade bins

Miidsemester survey
Please let us know how thongs are going .

One-on-one meetings
If you want to talk to a TA about anything related
to this class

,
fill out the form

A comment.
Exams and grades



A reminder :

Monday HW session→

HW problems take time !

You can sign up for a small discussion section

at any time during the summer.



Recap
previously on CSTO . . .

Conditional probability PCAIB) =

Bayes
' rule PCAIB) =

Simple proof. Profound implications ?

Law of total probability "¥ P(A)+ PCB> + Pcc)=



① Independence
Def Events A and B are independent if

Intuitive meaning
:

Formal version of intuition

Prop If PCB) > 0 then A & B are independent if
and only if

pI (⇒) PCANB)=p(A)PCB) ⇒

⇐) PCAIB)=P (A) ⇒

Cor If P(A) , PCB) > 0 then



Def Events A and B are independent if PCANB) = PCAJPCB)

Intuitive meaning
: knowing whether or not A occurred

tells you nothing about whether B occurred

Example Flip a fair coin and then flip it again
A- = 1st flip is H

B = 1st flip is H

Independence is often an assumption you make when

Example Flip a fair coin 2 times

A = 1st flip is H

B = both flips are H



Question suppose A and B are independent. What
about A and B- ?

Answer

Intuitively

Prop If A and B are independent events then

p$



② Pairwise us. Mutual Independence
Question Suppose A , B , C are events

A , B independent
A ,
C independent

B
,
C independent

what is PCANBNC) ?

Answer

Example Flip a fair coin 2 times

A- = 1st flip is H P(A)=

B- 2nd flip is H P(B) =

e = p(c) =

AMB = PLANB)=

Anc = p(Anc)= PCANBN C) =
Bnc = PCBNC) =



Def Events A , , Az , - - . , An are pairwise independent
if

Def Events A, , Az , . - . , An are mutually independent
if

what does this mean for n =3 ?

Note : Mutual independence Pairwise independence
pairwise independence mutual independence



A familiar example . . .

Suppose you want to share a secret s c- { 0,42 , - - , 10}

Generate a polynomial pcx)=a}X
>
+ azxztqxts over GFCID

by picking as ,az,a, randomly from {011,2, - -

, 109

Hand out shares pcxo] , pcx ,) , - -

, pan) xitxj ✗ i# 0

Define Ai =

Question

Answer



Question suppose A
, B ,

C mutually independent.
What is PCAAB.no ) ?

Answer

why?

Prop Ari , Az , - - - , An are mutually independent if
and only of



③ Mutually Exclusive Events
Def Events A and B are mutually exclusive if

A
,
B mutually exclusive ⇒ PLAN B) =

PCAU B) =

Example Flip a fair coin 2 times
A =

B =

Question suppose A
,
B are independent events with

PCA) ,
PCB) > 0. Can A & B be mutually exclusive?

Answer



Warning : Mutually exclusive
events are (almost) never

independent ! !



④ Combinations of Events

Given events An Az , * → * , Ain , how do we calculate

P ( Ain Azn . . • An] and PCA, U Az U • • • An) ?

Examples
① You are in charge of maintaining too servers. What

is the probability that they all fail on the same day ?

That at least one fails today?

② What is the probability that a randomized algorithm
returns the wrong answer to tomes in a row ?

③ Users are randomly assigned usernames. What is the

probability two users are assigned the same username?



Given events Ai, Az , * → * , Ain , how do we calculate

P ( Ain Azn . . • An] and PCA, U Az U • . . An) ?

↳ prob. that all ↳ prob. that at least 1

of Ai , . - - , Ain occur
of Ai , -- ^ , An occurs

Three methods :

① Exact formulas for PCAin.mn An] and PLAY .-- WAD

② Make assumptions about A, , . . . , An that simplify
thongs

③ Estimate the probabilities, rather than computing
them directly



⑤ Intersections of Events



④ Intersections of Events : Exact Formula

Them (Product rube) If A , , Az , . . . , An are events s.to Pch Ai)>0
En

then PCA in Azn . . . nAw) =

PLANB) =

PLANBnc) =

pI Induction on n.

Base case :

Inductive step :

P( Ain . . . NANAAnti) =



Them (Product rube) If A , , Az , . . . , An are events s.to Pch Ai)>0
En

then PCA in Azn . . . nAw) =
PCAI)P(Az / Ai) PCA, / AinAz) • • • Plant Ain . . . n An- c)

Example Draw S cards from a deck without replacement.
What is the probability of getting all hearts ?

A , =

Az =

:

As =

PC all hearts) =



5.20 Intersections of Events : Easy Special Cases

① Mutually independent events

PCA in . . . NAn) =

② Mutually exclusive events

PCA inAzn . . . n An) =

In the real world, whether or not events are
independent is an empirical question



Assuming events are independent can make a HUGE
difference to probabilities . . .

=

100 sewers , each one crashes w/ probability ÷

Probability all servers crash?

Probability if crashes are independent?

But it can also be dangerous .
S&P 500 tracks 11 categories of stocks in the US stock market
chance that a single category falls during 1 year :

Assuming independence, chance that all 11 fall in 1 year
:

Reality :





⑥ Unions of Events



④ Unions of Events : Exact Formula

Question What is PCA , u Az) ?

Answer P(Aiu Az) =

Them ( Inclusion- Exclusion
, probability version) For any events

Aoi , AZ , . . • , Ah ,

PCA , UAZU . . . UAn) =

BIT :



⑤ .

Unions of Events : Easy Special Cases

① Mutually ondependent events

PCA, U AzU . . - U An) =

② Mutually exclusive events

PCA , U Azu A3) =

More generally :

PCA i U AzU . . . U An) =



⑤ Unions of Events : Estimates

instead of computing PLAN . . -0An] exactly , sometimes

it's enough to fond an upper bound

Grand champion of all upper bound techniques
in probability :

Prop (Union Bound)



⑦ Examples
① to termite traps around your house

Each day you randomly choose one to inspect
what is the probability that after 50 days
there is some trap you have not Tiusspectecd?



② Row a fair doe 3 times . Win if you get at
least I sits .

What is your chance of winning?

Method 1 :

Method 2 :


