
⑧ Comment on yesterday's lecture

Pace was too fast at the end of lecture
I went quickly to try to finish everything on time

Today :

I know some people like these thongs, but time is
finite & going at an appropriate pace is more
important

start of lecture today :



① Combining random variables

✗ , Y random variables
New random variables by combining * and Y :

Example Flip a fair coin 3 tomes

✗ = 4- of heads

5 1 94 1st flip is heads
4=20 if 1st flop is tails

z=

Question what is 2-CHHT)?

Answer



② Expected value

✗ : SL→ R random variable

Definition :

Equivalent formula :

Example Flip a coin 2 times

✗ Z

sum over possible values : ECX)=

sum over outcomes : C- (X) =



④ Useful facts

X
,
Y random variables
at R

Prop E(a8) =

Prop E (a) =

Prop for any function f- : xxx → x

ECFCK.ie)) =

Example X and Y both have range 50142 , -ones

C- (XY) =



?⃝ Linearity of Expectation
Thin E (8, + ✗zt . . - +Xn) = Else;)& C-Gist . - . +C-(Xn)

Example in people , each wearing a hat
collect all hats & reassign them randomly

rearrange
0¥ ¥ ¥ ¥ - * ¥ ¥ ¥

I 2 3 4 I 2 3 4

✗ =

What is ECX) ?

Attempt 1 Possible values of X :

C- (X) =



Thus E(8, + ✗zt . . - +Xn) = Else;)& C-Gist . - • +C-(Xn)

Example in people , each wearing a hat
collect all hats & reassign them randomly

✗ = # of students who get their own hat back
What is ECX) ?

Attempt 2 Define random variables

v. =

:
Un =

C-(✗i)=

ECX) = .



③ Variance

✗ is a random variable

Def If ✗ is a random variable with expected
value E. (8) = a then the variance of X, written
van (X) is

Varcx)=

Comment standard deviator of ✗ :



Def If X is a random variable with expected
value E. (X) - a then the variance of X, written
van (X) is

Varcx)= E ( (✗- a)2)

Example Roll a fair 6-sided die . ✗ =

C-G) =
outcome ✗ (X - 3.55

I 1

2 2

3 3

t 4

s s

6 6

Var (E) = ECGX- 3.SJ) =



④ Meaning of variance

a = ECX)
Varcx)= Eccx - a)2)
Intuitively :

low variance : high variance:

PCH / Pad

✗ X

Question why not ECX - a) ?
Answer

Question Why not c- ( Ix -al]?
Answer



Question why not ECX - a) ?
Answer positive and negative deviations cancel out

Example Roll a fair 6- sided die

✗ = value of roll
ECX) =3 . s

outcome ✗ ✗ -3.5

1 I

2 2

3 3

4 4

S S

G 6

C- (x -3.5) =



3.20 Alternative formula for variance

Them For any random variable X
,

War(X) = C-(x2) - (ECX))2

pI



Thin For any random variable X
,
War(X) = C-(x2) - (ECX))2

C-sample (A bit tricky) ✗ ~ Bin (mp3
what is varcx)?

Var (X) =

Final answer



④ Covariance

Random variables X and Y

Def If ✗ is a random variable with ECX)=a
and Y is a random variable with C-G) =b
then the covariance of X and Y

,
written

Cov Cid, Y) is

Question If you just know the distribution of ✗ and
the distribution of Y, can you

calculate Cova , Y)?

Answer



Def ECX)=a EC¥)=b ⇒ Covet,Y]= ECCX -a) CY-b))

Example Flip a fair coin 3 times

¥
CovC☒,Y) =

Outcome ✗ Y X-l.SY-l.SC/-1.s)(Y-1.s)
HHH
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HTH
THH
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④ Meaning of covariance

sign of Covcx, Y)

Cov ( X, 9) < 0 Covcx,Y)=0 Covcx, is > 0

Magnitude of Cov(☒it)

More meaningful measure :



Examples what is the sign of Covcx, Y)?

① pick a random day from 2020

✗ = mas temperature. in Berkeley
that day

Y = Max temperature in Berkeley
the nest day

② Pick a random day from 2020

✗ = mas temperature in Berkeley
that day

Y = number of people in Berkeley
who used their heater that day

③ Pick a random day from 2020

✗ = max temperature in Berkeley
that day

✗ = what day of the month it was



Warning : covcx , e) =0 does not mean KY independent !

Example flip a fair coin 2 tomes

✗ = ECX)=

✗ = ECYJ =

Outcome ✗ Y ✗ - l Y - 112 (✗-1) (9-112)
HH

y

' -

HT o-

TH
TT

'
0 É te

Cov Cx ,4) =

×
, Y not independent , but



⑤ Facts about c-Cx)
,
var(x), Covcx,Y)

Properties are useful, the proofs are not that important
① Covariance is symmetric
Cov( Y, X ) =

② covariance is bilinear

Cov ( + Y, Z) =

Cov ( a.✗ , 9) =

Cov (a , ✗ , + azXzt , . . tan#n , ¥ ) =



③ Variance in terms of covariance

Vara)=

④ Covariance in terms of expected value
Cov ( , Y) =

⑤ variance of a sum

Vara + Y) =



⑤ When X
,
Y are independent

suppose X and Y are independent

① 6- (XY) = ECXJECY)

② CovCx , 9) = 0

③ Var City) = VarG) + Uarcy)


